Introduction
It was more than two decades ago that a systematic management modelling of transport infrastructure started in Hungary with the collaboration of experts in various fields (transport engineers, mathematicians, economists, meteorologists, etc.). The original goal was to develop cost-efficient systems for development, rehabilitation, maintenance and operation activities in the area. These models can provide effective tools for infrastructure (mainly road) managers to minimize their expenditures if given preconditions are fulfilled. A part of activities was the adaptation of various systems available and used in foreign countries; however, several of these are models based on Hungarian data sets, usually data time series, but every case, the procedure followed was the creation of the first version of a system
Asset Management System
The development, the maintenance and the operation of the high-valued road network can be considered as an extremely important task of the whole country needing a lot of money, human resources, machinery, materials, etc. Several subsystems were developed and being used all over the world to solve the problem mentioned and to allocate economically the necessary resources. However, this task is rather complex and the sum of the best solutions of various subsystems are not identical with the optimum of the operation of the whole system. That is why intensive research activities started in the topic some 20 years ago. It is called - 
-
Asset Management System for Road Sector or Road Asset Management System. One of the most significant relevant basic research institutions is US Department of Transport Federal Highway Administration, Office of Asset Management (Asset [2] ). Another important effort in this field has been done by an OECD Committee (Asset [3] ). There are many definitions for this kind of asset management but each of them refers to a management system, a DSS (Decision Supporting System) and the cost efficiency on road construction, maintenance and operation, besides the model system has both long-term, strategic and short-term, actual elements (What [28] ). This case, the term "asset" includes not only its actual gross or net value but also the funds needed for its maintenance throughout service life. The potential users of asset management include decision makers, road users, road proprietors, operators, etc. The Road Asset Management System has several components (Hudson et al. [25] ): The following subsystems are necessary for a working asset management:
 Information Management Subsystem collects, systematizes, appraises and archives the basic data of modelling. It utilizes the knowledge on data need, data bases and their operation, archiving, hardware and software need, etc.
 Assets Valuation Subsystem deals with a highly important group of basic data needed for the effective operation of the model. It includes also the methodology of the collection and evaluation of technical data, as well as, the maintenance of the system.
 Condition Evaluation and Performance
Modelling Subsystem concentrates on the actual condition of system elements and the modelling of their expected performance. The subsystem includes the condition parameters of each element, the scaling of the measurement range of condition parameters, as well as, the data storage in close connection with the activity of other subsystems.
 Deterioration Modelling and Defect Analysis Subsystem forecasts the worsening of the condition of various system elements, identifies the probable (expected) defect types. The condition of an element can be characterized by various qualifying parameters or a combined index; the deterioration curves are set accordingly.
 Maintenance, Operation, Rehabilitation and Reconstruction Subsystem defines the types and the costs of various intervention techniques. It is a very important supporting element for the establishment of the decision strategies.
 Whole Life Cost and Benefit Subsystem also has a significant supporting role for the decision process. Here, among others, the discounted values, the inflation rate, the interest rates are taken into consideration.
 Decision Supporting Models Subsystem determines the use and the applicability of the whole system. Since there are a high number of elements in a system, a complex model creating total optimum for strategic decisions should be extremely aggregated. So, expert models, methods using basis approach, optimization models can be applied here. The already existing system elements (PMS, BMS, systematic condition survey, etc.) should be also included into the system.
 Total Quality Management Subsystem is operational during the whole implementation period of the program. It provides the results and the performance efficiency of the intervention at the end of the period. After feedback, new strategic and tactical objectives are set. When their parameters are set, the whole decision process can be restarted.
Over 20 years ago the systematic management modelling of transport infrastructure started in Hungary with the collaboration of experts in various fields (transport engineers, mathematicians, economists, meteorologists, etc.). The original goal was to develop cost-efficient systems for development, rehabilitation, maintenance and operation activities in the area. These models can provide effective tools for infrastructure (mainly road) managers to minimize their expenditures if given preconditions are fulfilled.
This paper presents the development phases of such a model that concentrates not only on economic aspects but also environmental (sustainability) ones, as well.
(Again, the importance of the problem can be highlighted by the fact that the net value of Hungarian public highway network -some 7,000 billion HUF = 28 billion EUR -exceeds 38% of the Hungarian national wealth 
Single Stage Network Level Optimization Model
The development of the first Hungarian network level pavement management system was preceded by the creation of an effective, large-scale road data bank (Bakó et al. [4] ). It was decided to deal with network level pavement management models before project level ones since the former variants need less previous information on the roads concerned (Bakó et al. [11] ). The main aim of a network level management model is to identify the most advantageous maintenance techniques for every road subset with the same surface type, same condition parameters and same traffic category. This type if model is a budget planning tool capable of estimating the total lengths and costs of works required on the network for pavement rehabilitation, resurfacing and routine maintenance. A financial planning type is generally connected with the determination of the funding level needed to maintain the "health" (integrity) of the pavement network at a desirable level. In case of another model type, the available budget is known and the maintenance strategy has to be determined that fulfil the required constraint of pavement conditions, and optimize the total benefit of society (Gáspár et al. [18, 22] ).
The first single-stage network level optimization model (MPMS) was developed in Hungary in the late 1980s (Bakó [5] , Gáspár [17] ). The Hungarian road administration needed quick and practical results which could not be provided by the "too simple" MPMS. That is why the Finnish HIPS model (Männistö [27] ) was chosen, because there were already available several-year experiences. The new version, the so-called HUPMS-model was developed using the optimization procedure of MPMS and the model structure of HIPS.
The main features of this model are:
 Several (a maximum of 10) time periods (stages) In the long-term model, the optimum solution is sought for the distribution of pavement condition in the road network which can be attained after the optimum interventions; it is called the Markov-stable condition. The target function is the minimum of the sum of agency and user costs (i.e. social total optimum).
Possible interventions (rehabilitation strategies) for asphalt concrete roads are: routine maintenance, patching, rut repair, surface dressing, laying thin asphalt course, asphalt overlay, and reconstruction. The interventions for asphalt macadam roads are: routine maintenance, patching, surface dressing, road profile repair, asphalt overlay, reconstruction.
The Markov transition probability matrix for pavement type i, traffic category j, and intervention type k is designated by Q ijk . The matrix size amounts to 135x135, since the total possible number of relevant parameters is 3x3x3x5=135. The number of Markov matrices is 2x3x8=48; thus the number of columns in the model amount to: 48x135=6480.
The unknown vector of pavement type i, traffic category j, and intervention type k should be X ijk , which shows the proportion of road link lengths in 135 condition states for a given i, j, k. The number of vectors is 48, and so the total number of unknown factors reaches 6480.
The unit intervention costs vector for pavement type i, traffic category j, and intervention type k should be C ijk . The road user cost function for pavement type i and traffic category j is designated by K ij . First, the Markov-stable model was formulated.
When the notation above are applied, the model is as follows. Determine the unknown vector series X ijk is sought, which fulfils the Markov stable condition (1) and minimises the weighted sum of agency (intervention) and user costs: (2) where E unit matrix of size 135x135,  weighting factor for intervention costs,  weighting factor for user costs. Further conditions limiting the amount of intervention costs can be supplied for the model. This case, the Markov stable solution is looked for which fulfils all conditions considered. 
Multi-Time Period Model
The multi time period, (briefly multiperiod) version of the PMS, was created in 1991 (Csicselyné [13] ; Gáspár [19] ; Bakó [8] ). One of the objectives is to reach a stable model result by means of an approximation over a period of several years. The number of time periods is generally 10, and the model gives the necessary interventions in each period. Let us denote by Y ijt the proportion of the length of the road sections of pavement type i and traffic category j after the interventions carried out during the year t, while b ij is the proportion of the length of the road sections of pavement type i and traffic category j or, initially, at the beginning of the planning period.
This case, the unknown vector has a further index t. Let us denote the unknown vector by X ijkt that belongs to the time period t.
The first mandatory condition is connected with the distribution of pavement condition states during the initial years:
k=1 where E unit matrix of size 135x135.
The following condition supplies the proportion of road link lengths for the end of the first planning year. So, the proportions of length vectors Y ij1 at the end of the first planning year are determined by the following relation:
The following mandatory conditions refer to the later years:
, 0
This condition means that the proportion of length Y ijt at the end of time period t provides a value for the initial distribution for the period (t+1) that is it is equal to X ijk (t+1) .
A mandatory boundary is the cost limit, where the total intervention costs can be given for a year or for the planning period. The yearly intervention cost limit is as follows:
where r the discount factor, M the intervention cost available annually.
The target pavement condition distribution at the end of the planning period can also be specified:
where T the number of the planning periods, G, B, E three sets the pairwise intersection of which is 0, and the sum of these sets is the set of the road segment, In this case, a combined target function was selected which can be considered as the weighted average of the intervention cost and the user cost target function types: In such a way, these cost function types can be arbitrarily weighted by varying both constants.
Combined Pavement/Bridge Management
In the majority of countries -including Hungary -the PMS (Pavement Management System) and BMS (Bridge Management System) operate independently. However, their interdependence is obvious since the bridge surfacing constitutes part of the road pavement. Very often their financial sources are also identical (e.g. Road Funds) contributing to the need for more or less common management. Both PMS and BMS apply the same concept and application of system technology and require a system output function that can be optimised in relation to the benefits and costs.
Several models can be used for solving the BMS problem. It can be a mathematical programming (linear, dynamic, nonlinear, integer, etc.) model. It could be a stochastic model or a fuzzy approach. In all models, the most important and difficult problem is to develop a proper deterioration model.
In Hungary, both the adapted PONTIS-H Bridge Management System and the HIPS-HUPMS network level Pavement Management System are based on the use of Markov transition probability matrices (Bakó et al., [10] ). As a result, their identical structures allow the joint optimisation of both systems. This activity is especially important when the aim is the distribution of the funds available between the two infrastructure elements (road pavements and bridges).
The mathematical-engineering model of this BMS-PMS (PBMS) a common model has already been completed. Its implementation is planned for the near future.
As mentioned above, the deterioration sub-model of the Hungarian network level PMS (HUPMS) utilises Markov transition probability matrices. The bridge management model, the PONTIS, also uses them. However, a combined pavementbridge management model cannot be developed using them because their module structures are different. That is why the mathematical model (PBMS-model) of the network-level pavement-bridge management has been developed which optimizes in a single model.
The structure of this model is presented in Figure 1 . It has two columns. The first column (P1 and P2) contains the elements of the PMS model introduced earlier when discussing HUPMS (see conditions set out in Eqs. 3-5, 7).
 
In the right-hand column the relevant BMS conditions (Golabi et al [23] ; Agárdy et al [1] ) can be seen; the yearly cost boundary for the Bridge Management System is as follows: The object is to define a vector series which fulfils the conditions defined, and minimises the weighted sum of the intervention and user costs, that is:
where the elements of I def related to user costs are different from 0.
The PBMS model can also have common conditions, for example relating to the annual sum which is commonly available, that is, the sum of the conditions set out in Eqs. 6 and 9:
As target function, the sum of the object functions of pavement and bridge models is taken. The object can be here the minimisation of the intervention costs (P4 + B4), the minimisation of user costs (P5+B5) or the weighted sum of these costs when none of the weighting factors is equal to 0 (P6+B6). By varying the parameters, any arbitrary combination of the target function can be produced. For example, the minimisation of the sum of road (pavement) user costs and bridge intervention costs. 
Consideration of Climate Change
Typically, road asset management models usually do not consider environmental load (connected with climate change consequences) (Gáspár et al. [20] ).
In case of long-term, multi-time period models, two approaches could be: A) Environmental effects forecasted for the whole planning period, M+R actions are calculated accordingly, B) Following forecasting in model A, environmental consequences are calculated after each time period resulting in an input of next time period (more accurate results)
As a next step, the target function is linearized. Besides, two new Bridge Management models were also developed. The above mentioned PONTIS and its Hungarian version seemed to be rather far from the real processes. The new models could handle the deterioration process of bridge elements more realistically.
Some Related Models
Some other related management models were also developed that are presented briefly.
Model for Funds Distribution
One of the outputs of the network level HUPMS is the "optimal" distribution of available highway funds for country-wide links of Hungarian public road network. The next necessary step is the continuation of funds distribution (allocation), among others, to the road network of various counties and the motorway network. To solve this problem, a computerized model was developed (Bakó [6] ; Bakó [7] ) with the following features.
First, the so-called expenditure groups (e.g. patching, grass mowing, bridge management, overhead of road management organisations, etc.) were identified. The task is to distribute "optimally" the available highway funds among these expenditure groups. The expenditure groups are denoted by "i", their number is "l". The running index of road management units (e.g. County Highway Directorate) should be "j", while their number amounts to "J". The task is to determine an unknown X = (x ij ) matrix an element of which is x ij , the sum coming from the funds "i" and destined to the road management unit "j". Denote the sum available for the expenditure group "i" by "b i ". This sum can be determined either by the actual needs or by the so-called basis allocation in the previous year or, eventually, using another methodology.
The sums to be allocated to a road management unit is influenced by its special quantitative parameters, like total length of the road network managed, traffic amount, number of traffic signs, etc. These qualitative parameters are usually proportional with the works to be done and the related sum of money. The first qualitative parameter of the expenditure group "i" and road management unit "j" is designated by z ij (1) , the second one by z ij (2) and the k th one by z ij (k) . For the sake of simplicity, a special methodology was used for the calculation of a characteristic rate of the road management unit in order to apply a single qualitative parameter for a unit.
In addition to the qualitative parameters, unit costs were also given for each expenditure group and road management unit. These unit costs can be the same for each road management unit (e.g. road pavement condition evaluation), but they can be different for various management units as a function of their location, natural features, etc. The unit cost of the expenditure group "i" and road management unit "j" should be denoted by e ij . It is supposed that the benefit of the activity in question for the expenditure group "i" and road management unit "j" amounts to h ij for 1 HUF expenditure. The task is to perform the optimal distribution of the funds available. There are several solution methodologies (optimization procedures resulting linear programming tasks, heuristic methods, simulation, expert system, etc.) depending on the targets set, the amount of inputs available and some other parameters.
The linear programming model distributes (allocates) optimally the funds available to the expenditure groups when also the benefits are known. One of the conditions for the use of the model is that, in case of a fixed expenditure group, the total funds allocated by this title for the road management units should reach b i that is destined for the expenditure group: 
The target function should be the maximization of the benefit coming from the maintenance-rehabilitation action. Since neither x ij , nor k ij are positive values, the task would be unlimited. That is why an additional limiting condition is defined for which the sum K is needed, the total financial means available for highway purposes. It is supposed that the following relationship between the limit given for an expenditure group and the sum K is valid:
If this relationship is not valid, another model will be used for solving the task. This case, the target value is the maximization of benefit:
As a summary, the model can be defined as follows: let us determine the unknown matrix X=( ) x ij , which fulfils the following constraints:
, ,..., , ,..., and the value of target function would be maximal:
The above task is a linear programming model that consists of linear conditions and a target value. Some of the expenditure groups are not included in the optimization since they are of fixed costs, as, for example, the operation expenditures of the road management unit. This kind of cost item is known, so, it can be simply deducted from the whole sum destined to road management. Of course, a model can be developed also for the determination of the operation costs of these organizations, and the nearly objective allocation of these sums.
Model for the Allocation of the Operation Costs of Road Management Units
Denote the operation costs needed (or actually used in the previous year) for the first unit by L 1 , for the second one by L 2 ,….and for the j th organization by L j . (Bakó [7] ). Supposing that these needed or previously actually used sums of money are not inaccurate, the following total sum has to be spent for the operation of road management units:
The allocation (distribution) of this total sum among road operators can be determined more or less objectively. The task can be solved by using the quantitative parameters mentioned before; some of these parameters can be:
a   (26) .
The values fk j (j=1, 2,...,J) can be fine tuned if other tasks of the road management unit are included in the weighting process.
Simultaneous Consideration of Several Quantitative Parameters
It is supposed that P various quantitative parameters are related to the i th road management unit. It means that this expenditure group is connected with tasks on various quantitative parameters. For the sake of simplicity, the index i will be 
The x j sum of money related to j th road management unit can be even directly calculated using the above equations, as follows:
Another option for the calculation of the funds allocated to the road management unit, to consider the ratio between the actual expenditures in the previous year. The only difference from the procedure presented before is the use of following equation:
It should be noted that the above algorithm can be fine-tuned by the inclusion of additional parameters.
Treating with Insufficient Funds
It is a usual situation that the sum of needed funds exceeds the available ones, consequently: The target is to determine a matrix that is similar to the other one as much as possible. For the measure of similarity, any of the known parameters can be applied, e.g. the Kulback measure (Klafszky, [26] ). In the case of the vectors a= ( , ,... ) a a a 
Conclusions
As mentioned earlier, several subsystems exist already in Hungary, in the field of Transport Asset Management. The systematic trial section monitoring has begun more than a decade ago. Asset value calculations, related to bridges and roads, is also performed regularly. We have urban, motorway and highway PMS systems, as well.
A combined PMS-BMS model has been also completed. The generalization of this model system is under development. Furthermore, some other related management models (model for funds distribution; allocation of the operation costs of road management units; simultaneous consideration of several quantitative parameters; treating with insufficient funds) developed were also presented briefly.
Future plans are to develop further the above models for their inclusion into an effective Road Asset Management System.
